The van der Pol Negative Resistance Oscillator

Van der Pol’s analysis' of “negative resistance” (e.g., tunnel diode) oscillators prides a valuable
framework for treating relative smplicity important features of oscillatory systems.
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Consider the following negative resistance oscillatory circuit:
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By simple circuit analysis, it is a straightforword proposition to find the following simple circuit
equation which is the fundamental van der Pol oscillator equation:

1 B.vander Pol, Radio Rev. 1, 704-754, 1920 and B. van der Pol, Phil. Mag. 3, 65, 1927
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d2 v (t)- —[a v(t)- BV(D)] +w} v ()= 0 [ VdP-1]

wherew?= (LQ)".
If a issmall, it isreasonable to take
1 .
v(t)= —2V(t) exp(- i wyt) +cc. [ VdP-2]
Then Equation [ VdP-1 ] becomes without approximation
%‘—; [-W2V(D)- i 2w, V(O +V(D] exp(- T w,t) + c.c.g
[a 3bV )] {122[ i w V(t)+V(t)] exp(-iw t)+c0\p/ [ VdP-3]

}ZV(t) exp(- i wyt )+CCB—

_)__

If we ignore harmonic generation, Equation [ VdP-3 ] may be approximated as
il [ i 2WOV(t)+\7(t)] exp(- iwot)+c.c.u
12 E
ilr . : . 3]
- a{—z[- IWOV(t)+V(t)] exp(- IWOt)+C.C% [ VdP-4]
3.6 . 2 d 2 u : u
+2b 4-iw, | V() [ V() +—]|| V()| V(D)|yexp(- iw,t)+cc..=0
50 g 1 Wl VOO v+ VO P VO yerp(- Twot) veeg
If we make theslow time variation assumption, this equation reduces to

V(t)== (;;-—b|V(t)| Uv(t)= 2 [a b|V(t)|]V(t) [VAP-5]

where b= 3b/4. Thisessential Equation [ VI-25b ] in the lecture set entitled The Interaction of
Radiation and Matter: Semiclassical Theory. We saw there that the general steady state solution
isgiven by

V(O [ =% [ VdP-6]

To study frequency locking we suppose that a driving source (to be precise a current source in
paralel with the negative resistance) and then the van der Pol equation becomes

R. Victor Jones, March 16, 2000
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2
Wv(t)- dﬂt [a v(t)- b v3(t)] +W2 v (t)=w*V, sinwt
, [ VdP-7]
WV, r. .
== O[I exp(- |wt)+c.c.]
In this case, it is reasonable to take
v(t)= }ZV(t) exp(- iwt)+cc. [ VdP-8]
If we again ignore harmonic geneation, Equation [ VdP-7 ] becomes
}1T12 [ w2V(1)- i 2w V(t)+\7(t)] exp(- iwt)+c.c.g
] [a- 3b vz(t)] 122[ iWV(t)+V(t)] exp(- i Wt)+C.C.§
o ! ) [VdP-9]
+W2 i—ZV(t) exp(- i Wt)+c.c.iué
w2\, . .
== O[I exp(- |wt)+c.c.]
Again under theslow time variation assumption, this equation reduces to
1 . 1 W2V,
—Z(WE,- WAV(D)- T wV(t)+] W—Z[a- b|V(t)|2] V()= i T2 [VAP-10]

If we take V(t) =| V(1) | exp(- i Y (1) ),this equation separate into the following pair of equations:

: 1 2 V,
V(9 |=3[a- IV V() |- 52 cos ¥ (9 [ VdP-11a]
Y(t)=5(WS'W2)+"—" Yo sinY () = d+1 sin Y ({) [ VdP-11b]
2w 2|v(1)]
(ws- w) w

(the *“locking

(Wo- w) (the “detuning term”) and 1° —

2| V(9]

R. Victor Jones, March 16, 2000
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coefficient”). For small V, we can decouple the equations and take |V(t) |2 = % from Equation

[VaP-6]sotha 10 ¥ Yo _W DBy it 1411551 the refative phase angle changes linearly in
2|v()] 2a

timeat therate Y » d. As |d/I| decreases toward unity, the “locking term” subtracts from the

“detuning term” in one half of a cycle and adds in the other half. At |d/I|£ 1 there are two values

of the phase angle that yield the “mode locking” condition Y =0 --viz.

- sin”*(d/1)

p+sin(d/1) [vdP-12]

i
Yo =i
7
We can test the stability of these solutions by taking Y (t)= Y, +e(t) and therefore Equation
[VdP-11b] becomes
&(t) »Icos(Yy) e(t) [ VdP-13]
and the solutions are stable if

lcos( Yy ) <0 [ VdP-14a]

JIZ- d?<0 [ VdP-14b ]
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